It is shown that simple noetherian f-domains with a unique simple module can have any global homological dimension.
SOME APPLICATIONS OF DIFFERENTIAL
ALGEBRA TO RING THEORY john cozzens and joseph johnson
Abstract.
It is shown that simple noetherian f-domains with a unique simple module can have any global homological dimension.
In this paper some results from differential algebra are applied to produce examples of rings of linear differential operators that have some interesting ring theoretic properties. Our Theorem 1 implies that simple noetherian K-domains1 with a unique simple module can have any global homological dimension. Theorem 2 sharpens and extends a result found in [1] .
We fix once and for all our notation:
F=a differential field, To show that F is the only simple 35-moduIe, it will suffice to show that if/is a left ideal of 35 such that /^35, HomB(D/7, F)^0. We need therefore to find a nonzero solution in F of the system of homogeneous linear differential equations Dy=0, Del.
Let G be the differential subfield of F generated by the coefficients of a finite generating set 5 of /, and Q the differential ideal of G{y) generated by the set of linear differential polynomials Dy with D in S. Then Q is prime and separable over G. By universality, F contains a generic zero z of Q. Clearly z is the required solution.
To show that F is an injective 35-module it is enough to show that any 35-module morphism w: I->F where / is a left ideal of D extends to all of D. Thus we need to show that there exists g in F such that Dg=u(D) for all Din I.
In general if A is any polynomial ring over a field k and P an ideal of A generated by elements Lt-at where (1) each Lt is an element of A homogeneous of degree 1, (2) each at is in k, (3) 2 ^iLt=0 with the bt in k and almost all zero implies 2 btat=0, then P is a prime ideal of A. This fact allows us to conclude that the ideal of F{y) generated by the Dy -u(D) with Del is a prime differential ideal P that is separable over F. Because Fis universal, P possesses a zero g in F.
Clearly g satisfies the required equations.
To complete the proof of (a) we need to show that 35 is a simple ring. Let D be a nonzero element of lowest order of the two sided ideal / of 35. If D were of order r>0, then we could fix an element u of F with D(u)^0 and an easy computation shows that Du-iiD would be a nonzero element of / of order <r. Hence the order of D is 0, that is DeF, so that 7=35.
To prove (b) let M and N be left 35-modules. It will be shown that Corollary.
Let F be an ordinary differential field. Then 3) is a Vdomain if and only if F is an injective Id-module.
